When a gauge-natural invariant variational principle is assigned, to determine canonical covariant conservation laws, the vertical part of gaugenatural lifts of infinitesimal principal automorphisms -defining infinitesimal variations of sections of gauge-natural bundles -must satisfy generalized Jacobi equations for the gauge-natural invariant Lagrangian. Vice versa all vertical parts of gauge-natural lifts of infinitesimal principal automorphisms which are in the kernel of generalized Jacobi morphisms are generators of canonical covariant currents and superpotentials. In particular, only a few gauge-natural lifts can be considered as canonical generators of covariant gauge-natural physical charges.
Introduction
In [1, 2] the general program was started of defining covariant conservation laws for field theories as generators of infinitesimal transformations of the basis manifold. In the classical Lagrangian formulation of field theories the description of symmetries and conserved quantities amounts to define suitable (vector) densities which generate the conserved currents; in all relevant physical theories this densities are found to be the divergence of skew-symmetric (tensor) densities, which are called superpotentials for the conserved currents. It is also well known that the importance of superpotentials relies on the fact that they can be integrated to provide conserved quantities associated with the conserved currents via the Stokes theorem (see e.g. [7] and references quoted therein). Within such a procedure, the generalized Bianchi identities for geometric field theories -introduced by Bergman to get (after an integration by parts procedure) a consistent equation between (local) divergencies within the first variation formula -are in fact necessary and (locally) sufficient conditions for the conserved current ǫ to be not only closed but also the divergence of a skew-symmetric (tensor) density (a superpotential) along solutions of the Euler-Lagrange equations. However, to "covariantize" such a derivation of Bianchi identities and superpotentials, background metrics or (fibered) connections have to be fixed a priori (see e.g. [4, 6, 7] and the wide literature quoted therein). The outcoming of such an ad hoc procedure is, notably, a triviality result concerning existence of global superpotentials for gauge-natural field theories despite of the topology of the basis of the gauge-natural bundle (see e.g. the review in [19] ).
We shall show that, when a gauge-natural invariant variational principle is assigned, to determine canonical (i.e. completely determined by the variational problem and its invariance properties) covariant conservation laws, the vertical part of gauge-natural lifts of infinitesimal principal automorphisms must satisfy generalized Jacobi equations for the gauge-natural invariant Lagrangian. Vice versa all vertical parts of gauge-natural lifts of infinitesimal principal automorphisms which are in the kernel of generalized Jacobi morphisms are generators of canonical covariant currents and superpotentials.
This result is the outcoming of the following facts:
1. the role played by the invariance of a given variational problem of order s on a fibered manifold Y → X with respect to the contact structure induced by the affine fiberings π s+1 s
: J s+1 Y → J s Y and its encoding through the Krupka's finite order variational sequence language. It is fundamental to stress that such an invariance has to reflect too in a precise way on the nature of the conserved Noether currents associated with a given gauge-natural invariant Lagrangian (see Remark 4); 2. the Noether Theorems (both of them) take a quite particular form in the case of gauge-natural Lagrangian field theories (see e.g. [6, 19] ) due to the fact that the generalized Lie derivative of sections of the gauge-natural bundles has special linearity properties and it is related with the vertical part (with respect to the splitting induced by the contact structure) of gauge-natural lifts of right-invariant (also called principal) infinitesimal automorphisms of the underlying principal bundle (structure bundle);
3. the second variation of the action functional can be conveniently represented in the finite order variational sequence framework in terms of iterated variational Lie derivatives (the quotient Lie derivative of variational morphisms for fisrt introduced in [10] ) with respect to vertical parts of gauge-natural lifts of principal infinitesimal automorphisms. In particular, by resorting to the Second Noether Theorem, in [8, 9] the second variation has been related with the generalized Jacobi morphism and in [21] the relation of the kernel of generalized gauge-natural Jacobi morphism with the kernel of a fundamental morphism, the (Bergman-)Bianchi morphism, has been explicitly clarified in order to characterize Bianchi identities for geometric field theories in terms of a special class of gauge-natural lifts of infinitesimal principal automorphisms, namely those which have their vertical part in the kernel of the generalized gauge-natural Jacobi morphism.
Here we claim that the indeterminacy appearing in the derivation of gaugenatural conserved charges (see the interesting papers [13, 19] ) -i.e. the difficulty of relating in a natural way infinitesimal gauge transfomations with infinitesimal transformations of the basis manifold (e.g. of space-time) -can be solved by requiring the second variation to be zero too. Historically Jacobi equations were related to the so-called accessory problem (see, e.g. [3, 22] ), where they are directly obtained as the variation of the Euler-Lagrange equations of a given Lagrangian. Thus they can be characterized via the Second Noether Theorem.
Variational sequences on gauge-natural bundles
Our framework is a fibered manifold π : Y → X, with dim X = n and dim Y = n + m. For s ≥ q ≥ 0 integers we are concerned with the s-jet space J s Y of s-jet prolongations of (local) sections of π (see e.g. [15, 18, 23] ); in particular, we set J 0 Y ≡ Y . We recall the natural fiberings π Charts on Y adapted to π are denoted by (x σ , y i ). Greek indices σ, µ, . . . run from 1 to n and they label basis coordinates, while Latin indices i, j, . . . run from 1 to m and label fibre coordinates, unless otherwise specified. We denote multi-indices of dimension n by boldface Greek letters such as α = (α 1 , . . . , α n ), with 0 ≤ α µ , µ = 1, . . . , n; by an abuse of notation, we denote with σ the multi-index such that α µ = 0, if µ = σ, α µ = 1, if µ = σ. We also set |α| := α 1 +· · ·+α n and α! := α 1 ! . . . In the theory of variational sequences a fundamental role is played by the contact maps on jet spaces (see [17, 18, 25] ). Namely, for s ≥ 1, we consider the natural complementary fibered morphisms over
with coordinate expressions, for 0 ≤ |α| ≤ s − 1, given by
which induce the following natural splitting:
where
We shall call Ξ H and Ξ V the horizontal and the vertical part of Ξ, respectively.
The splitting (1) induces also a decomposition of the exterior differential on [23, 25] for more details). A projectable vector field on Y is defined to be a pair (Ξ, ξ), where Ξ : Y → T Y and ξ : X → T X are vector fields and Ξ is a fibered morphism over ξ. If there is no danger of confusion, we will denote simply by Ξ a projectable vector field (Ξ, ξ). A projectable vector field (Ξ, ξ) can be prolonged by the flow functor to a projectable vector field (j s Ξ, ξ), the coordinate expression of which can be found e.g. in [17, 18, 23, 25] ; in particular, we have the following expressions
for the horizontal and the vertical part of j s Ξ, respectively. From now on, by an abuse of notation, we will write simply j s Ξ H and j s Ξ V . In particular, we stress that j s Ξ V can be seen as a fibered morphism:
Gauge-natural bundles
In the following, we shall develop a suitable geometrical setting which enables us to define and investigate the fundamental concept of conserved quantity in gauge-natural Lagrangian field theories.
An important generalization of natural field theories [24] to gauge fields theories passed through the concept of jet prolongation of a principal bundle and the introduction of a very important geometric construction, namely the gauge-natural bundle functor [5, 15] .
Let P → X be a principal bundle with structure group G. Let r ≤ k be integers and
the semidirect product with respect to the action of GL k (n) on J r G given by the jet composition and GL k (n) is the group of k-frames in IR n . Here we denote by J r G the space of (r, n)-velocities on G. The bundle W (r,k) P is a principal bundle over X with structure group W (r,k) G. The right action of W (r,k) G on the fibers of W (r,k) P is defined by the composition of jets (see, e.g., [15] ).
Definition 1 The principal bundle W
(r,k) P (resp. the Lie group W (r,k) G) is said to be the gauge-natural prolongation of order (r, k) of P (resp. of G).
Definition 2
We define the vector bundle over X of right-invariant infinitesimal automorphisms of P by setting A = T P /G.
For r ≤ k we also define the vector bundle over X of right invariant infinitesimal automorphisms of W (r,k) P by setting
Let F be any manifold and ζ :
There is a naturally defined right action of W (r,k) G on W (r,k) P × F so that we can associate in a standard way to W (r,k) P the bundle, on the given basis X, Y ζ := W (r,k) P × ζ F [5, 15] .
Definition 3
We say (Y ζ , X, π ζ ; F , G) to be the gauge-natural bundle of order (r, k) associated to the principal bundle W (r,k) P by means of the left action ζ of the group W (r,k) G on the manifold F .
Remark 1 A principal automorphism Φ of W (r,k) P induces an automorphism of the gauge-natural bundle by:
wheref ∈ F and [·, ·] ζ is the equivalence class induced by the action ζ.
Denote by T X and A (r,k) the sheaf of vector fields on X and the sheaf of right invariant vector fields on W (r,k) P , respectively. A functorial mapping G is defined which lifts any right-invariant local automorphism (Φ, φ) of the principal bundle W (r,k) P into a unique local automorphism (Φ ζ , φ) of the associated bundle Y ζ . Its infinitesimal version associates to anyΞ ∈ A (r,k) , projectable over ξ ∈ T X , a unique projectable vector fieldΞ := G(Ξ) on Y ζ in the following way:
where, for any y ∈ Y ζ , one sets:
, and Φ ζ t denotes the (local) flow corresponding to the gauge-natural lift of Φ t .
This mapping fulfils the following properties:
3. G is a homomorphism of Lie algebras: for any pair (Λ,Ξ) of vector fields in
are suitable functions which depend on the bundle, precisely on the fibers (see [15] ).
Definition 4
The map G is called the gauge-natural lifting functor. The projectable vector field (Ξ, ξ) ≡ G((Ξ, ξ)) is called the gauge-natural lift of (Ξ, ξ) to the bundle Y ζ .
We shall consider variation vector fields which are vertical parts of gauge-natural lifts of infinitesimal principal automorphisms. We recall that, due to the very definition of generalized Lie derivative of sections of gauge-natural bundles, variation vector fields are in fact formal Lie derivatives of sections with respect to gauge-natural lifts (see the item 4 in the following). This will enables us to realize morphisms such as the Jacobi or the Bianchi morphisms in a very suitable way for our purposes.
Definition 5 (Lie derivative of sections.) Let γ be a (local) section of the gauge-natural bundle Y ζ ,Ξ ∈ A (r,k) andΞ its gauge-natural lift. Following [15] we define the generalized Lie derivative of γ along the vector fieldΞ to be the (local) section £Ξγ : X → V Y ζ , by setting:
Remark 2 This section is a vertical prolongation of γ, i.e. it satisfies the property:
As customary we denote it by £Ξγ and not by £Ξγ because of the functorial correspondence betweenΞ andΞ.
Remark 3
The Lie derivative operator acting on sections of gauge-natural bundles satisfies the following properties:
1. for any vector fieldΞ ∈ A (r,k) , the mapping γ → £Ξγ is a first-order quasilinear differential operator; 2. for any local section γ of Y ζ , the mappingΞ → £Ξγ is a linear differential operator;
3. we can regard £Ξ : J 1 Y ζ → V Y ζ as a morphism over the basis X. In this case it is meaningful to consider the (standard) jet prolongation of £Ξ, denoted by j s £Ξ :
, for any (local) section γ of Y ζ and for any (local) vector fieldΞ ∈ A (r,k) .
4. as a consequence of linearity properties of gauge-natural lifts, we have j sΞV (γ) = −£ jsΞ γ. In particular, we can consider the Lie derivative of sections, £, as a bundle morphism [21] :
Variational Lie derivative of variational morphisms
For the sake of simplifying notation, sometimes, we will omit the subscript ζ, so that all our considerations shall refer to Y as a gauge-natural bundle as defined above.
We shall be here concerned with some distinguished sheaves of forms on jet spaces [17, 23, 25] . We shall in particular follow notation given in [25] to which the reader is referred for details. For s ≥ 0, we consider the standard sheaves Λ
According to [17, 25] , the fibered splitting (1)
has been introduced by Krupka [17] .
To the aim of characterizing some fundamental morphisms for the calculus of variations as sections of quotient sheaves and as corresponding differential quotient morphisms, let us consider the truncated variational sequence:
where, following [25] , the sheaves V 
such that (π 2s+1 s+1 ) * α = E α − F α , and F α is locally of the form
is called the generalized Euler-Lagrange morphism associated with γ.
, then there is a unique morphism
such that, for all Ξ :
, where C 1 1 stands for tensor contraction on the first factor and ⌋ denotes inner product (see [16, 25] ). Furthermore, there is a unique pair of sheaf morphisms
such that (π . In particular, the following two results hold true [10] .
Then we have locally (up to pull-backs)
L jsΞ (h(α)) = Ξ V ⌋E n (h(α)) + d H (j 2s Ξ V ⌋p dV h(α) + ξ⌋h(α)) . Theorem 2 Let α ∈ Λ n+1 s
. Then we have globally (up to pull-backs)
L jsΞ [α] = E n (j s+1 Ξ V ⌋h(α)) + C 1 1 (j s Ξ V ⊗K hdα ) .
Generalized gauge-natural Jacobi morphisms
We recall some previous results concerning the representation of generalized gauge-natural Jacobi morphisms in variational sequences and their relation with the second variation of a generalized gauge-natural invariant Lagrangian [21] .
, with 1 ≤ k ≤ i, be the flows generated by an i-tuple (Ξ 1 , . . . , Ξ i ) of (vertical, although actually it is enough that they are projectable) vector fields on Y and let Γ i be the i-th formal variation generated by the Ξ k 's (to which we shall refer as variation vector fields) and defined, for each y ∈ Y , by Γ i (t 1 , . . . , t i )(y) = ψ i ti • . . . • ψ 1 t1 (y). We define the i-th formal variation of the morphism α to be
The following Lemma states the relation between the i-th formal variation of a morphism and its iterated Lie derivative [11, 21] .
* J s Y and L jsΞ k be the Lie derivative operator acting on differential fibered morphism. Let Γ i be the i-th formal variation generated by variation vector fields
Let α ∈ (V n s ) Y . The operator δ i passes to the quotient in the variational sequence. We shall call the quotient operator the i-th variational vertical derivative. We have
. Let now variation vector fields be vertical parts of gauge-natural lifts. By resorting to the Second Noether Theorem, we have the following characterization of the second variational vertical derivative of a generalized Lagrangian [21] which in fact enable us to relate the second variation with the morphism K η defined by Eq. (5) (for η = hdδλ).
First of all we fix some preliminary properties of gauge-natural lifts.
Lemma 2 Let j sΞ be the s-jet prolongation ofΞ which is a vector field on
Proof. Owing to linearity properties of the Lie derivative of sections of gauge-natural bundles and since j sΞV = −£ jsΞV , the statement is a consequence of Proposition 15.5 in [15] .
QED
Let j sΞV be the vertical part according to the splitting (1). We shall denote by j sΞV the induced section of the vector bundle A (r+s,k+s) following the Lemma above. The set of all sections of this kind defines a vector subbundle of J s A (r,k) which, by an abuse of notation, we shall denote by J s V A (r,k) . Let j sΞV be variation vector fields and let δ 2 G λ be the variation of λ with respect to such variation vector fields.
where [ ] denotes the equivalence class in the variational sequence, while
Definition 9 LetΞ ∈ A (r,k) . We call the morphism J (λ, G(Ξ V )) the gaugenatural generalized Jacobi morphism associated with the Lagrangian λ and the gauge-natural lift G(Ξ V ).
The morphism J (λ, G(Ξ V )) is a linear morphism with respect to the projec-
V Y , the equivalence class [E n (j sΞV ⌋h(δλ))] vanishes being a local divergence of higher contact forms. This can also be compared with analogous results in [11] . Thus, as a consequence Theorem 2 and Proposition 1, we have the following. 
Proposition 2 Let δ
3 Canonical covariant conserved currents
In the following we assume that the field equations are generated by means of a variational principle from a Lagrangian which is gauge-natural invariant, i.e. invariant with respect to any gauge-natural lift of infinitesimal right invariant vector fields.
Definition 10 Let (Ξ, ξ) be a projectable vector field on Y ζ . Let λ ∈ V n s be a generalized Lagrangian. We sayΞ to be a symmetry of λ if L js+1Ξ λ = 0.
We say λ to be a gauge-natural invariant Lagrangian if the gauge-natural lift (Ξ, ξ) of any vector fieldΞ ∈ A (r,k) is a symmetry for λ, i.e. if L js+1Ξ λ = 0.
In this case the projectable vector fieldΞ ≡ G(Ξ) is called a gauge-natural symmetry of λ.
Remark 4
As well known, the Second Noether Theorem deals with invariance properties of the Euler-Lagrange equations (so-called generalized symmetries or also Bessel-Hagen symmetries, see e.g. the fundamental papers [24] ). Although symmetries of a Lagrangian turn out to be also symmetries of the Euler-Lagrange morphism the converse is not true, in general. In particular, although for a gauge-natural invariant Lagrangian λ we always have L jsΞ λ = 0, L jsΞV λ does not need to be zero in principle; however when the second variation δ 2 G λ is required to vanish then L jsΞV E(λ) surely vanishes, i.e. j sΞV is a generalized or Bessel-Hagen symmetry. The symmetries of the Euler-Lagrange morphism (Second Noether Theorem) impose some constraints on the conserved quantities associated with gauge-natural symmetries of λ (see e.g. [1] .
The First Noether Theorem takes a particularly interesting form in the case of gauge-natural Lagrangians as shown in the following. 
If σ is a critical section for E n (λ), i.e. (j 2s+1 σ) * E n (λ) = 0, the above equation admits a physical interpretation as a so-called weak conservation law for the density associated with ǫ.
Definition 11 Let λ ∈ V n s be a gauge-natural Lagrangian andΞ ∈ A (r,k) . Then the sheaf morphism ǫ :
is said to be a gauge-natural weakly conserved current.
Remark 5
In general, this conserved current is not uniquely defined. In fact, it depends on the choice of p dV λ , which is not unique, in general (see [25] and references quoted therein).
In gauge-natural Lagrangian theories it is a well known procedure to perform suitable integrations by parts to decompose the conserved current ǫ into the sum of a conserved current vanishing along solutions of the Euler-Lagrange equations, the so-called reduced current, and the formal divergence of a skewsymmetric (tensor) density called a superpotential (which is defined modulo a divergence). Within such a procedure, the generalized Bianchi identities are in fact necessary and (locally) sufficient conditions for the conserved current ǫ to be not only closed but also the divergence of a skew-symmetric (tensor) density along solutions of the Euler-Lagrange equations.
The following Lemma is a geometric version of the integration by parts procedure quoted above and it is based on a global decomposition formula of vertical morphisms due to Kolář [14] .
:
Coordinate expressions for the morphisms β(λ, G(Ξ V )) and M ω(λ,G(ΞV )) can be found by a backwards procedure (see e.g. [14] ). In particular, β(λ, G(Ξ V )) is nothing but the Euler-Lagrange morphism associated with the new Lagrangian
In particular, we get the following local decomposition of ω(λ, G(Ξ V )):
where we putǫ(λ, G(Ξ V )) ≡ M ω(λ,G(ΞV )) .
Definition 12
We call the global morphism β(λ, G(Ξ V )) := E ω(λ,G(ΞV )) the generalized Bianchi morphism associated with the Lagrangian λ.
Remark 6 For any (Ξ, ξ) ∈ A (r,k) , as a consequence of the gauge-natural invariance of the Lagrangian, by the Noether's First Theorem, the morphism β(λ, G(Ξ V )) ≡ E n (ω(λ, G(Ξ V ))) is locally identically vanishing. We stress that these are just local generalized Bianchi identities. In particular, we have locally
is called a local reduced current. It vanishes along any critical section.
The problem of the general covariance of generalized Bianchi identities for field theories was posed by Anderson and Bergman already in 1951 (see [1] ). Let now K := Ker J (λ,G(ΞV )) be the kernel of the generalized gauge-natural morphism J (λ, G(Ξ V )). As a consequence of Proposition 2 and of considerations above, we have the following covariant characterization of the kernel of generalized Bianchi morphism, the detailed proof of which will appear in [21] .
Theorem 3 The generalized Bianchi morphism is globally vanishing if and only if δ
The gauge-natural invariance of the variational principle in its whole enables us to solve the intrinsic indeterminacy in the conserved charges associated with gauge-natural symmetries of Lagrangian field theories (in [19] , for example, the special case of the gravitational field coupled with fermionic matter is considered and the Kosmann lift is then invoked as an ad hoc choice to recover the well known expression of the Komar superpotential). By requiring the second variation to vanish, i.e. on the kernel of the Bianchi morphism, we express gauge-natural lits of infinitesimal principal automorphism in terms of the corresponding infinitesimal diffeomorphisms (their projections) on the basis manifolds (see Theorem 4 below). This is well known to be of great importance within the theory of Lie derivative of sections of a gauge-natural bundle and notably for the Lie derivative of spinors (see e.g. the rewiev given in [19] ).
Theorem 4 Let λ ∈ V
n s be a gauge-natural invariant generalized Lagrangian and let G(Ξ) be a gauge-natural lift of the principal infinitesimal automorphism Ξ ∈ A r,k , i.e. a gauge-natural symmetry of λ. ThenΞ ∈ A r,k is related to its projection ξ ∈ T X by the condition
Proof. We recall that given a vector field j sΞ : J s Y ζ → T J r Y ζ , the splitting (1) yields j sΞ • π 
QED

Remark 7
For eachΞ ∈ A (r,k) such thatΞ V ∈ K, we have L jsΞH ω(λ, K) = 0; the latter is a naturality condition for the morphism ω(λ, K) and says something on the Hamiltonian structure of the theory itself (see [12] for details).
the result above reflects in the theory of conserved currents and superpotentials for gauge-natural field theories, where the theory of Lie derivatives of sections of gauge-natural bundles finds one of its main application. In the following we shall refer to canonical globally defined objects (such as currents or corresponding superpotentials) by their explicit dependence on K. 
Eq. (12) is referred as a gauge-natural 'strong' conservation law for the global density ǫ(λ, K) −ǫ(λ, K).
We can now state the following fundamental result about the existence and globality of canonical gauge-natural superpotentials in the framework of variational sequences. 
Definition 13
We define the sheaf morphism ν(λ, K) to be a canonical gaugenatural superpotential associated with λ.
Example 1 (Einstein-Yang-Mills theory) Let λ ∈ V n r . It is known (see e.g. [14] ) that
Let (P , X, π; G) be a principal bundle, g a metric on X, k an ad-invariant metric on G. Let ω be a principal connection and F its g-valued curvature 2-form. Let us now take the gauge-natural bundle Y = Lor(X) × X C, where Lor(X) is the bundle of Lorentzian metrics over space-time X and C is the affine bundle of principal connections ω over P . Local coordinates on Y are given by x µ , g µν , ω i µ . Let us consider the gauge-natural Lagrangian λ defined on the gauge-natural bundle J 2 Lor(X) × X J 1 C:
where λ H = − 1 2κ
√ gg αβ R αβ is the Einstein Lagrangian, R αβ is the Ricci tensor of the metric g given by R αβ := R 
where ∂ i is a local basis of right-invariant vertical vector fields on P . We shall respectively indicate by Ξ v and Ξ h the vertical and horizontal components of Ξ with respect to the principal connection ω; we shall write Ξ λ) ) andω is the gauge natural prolongation of ω (see [6] ). It is maybe worth of note that λ is the total Lagrangian (13).
